ARITHMETIC LINEAR SERIES WITH BASE CONDITIONS 
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Abstract. In this note, we study the volume of arithmetic Hnear series with base 
' conditions. As an application, we consider the problem of Zariski decompositions 

. on arithmetic varieties. 

O 

Q 

■ Introduction 

Let X be a projective and flat integral scheme over Z. We assume that X is normal 
^ ! and the generic flber of X — > Spec(Zl) is ad-dimensional smooth variety over Q. Let 

^ I Div(X) be the group of Cartier divisors on X and let Div(X)K : = Drv{X)(^zM- A pair 

D = (D, g) is called an arithmetic R-Cartier divisor of C°-type if D G Div(X)]R (i.e. 
D = E[=i UiDi for some Di, . . . , D,. G Div(X) and fli, . . . , a, G R), g : X(C) RU {±co} 
is a locally integrable function invariant under the complex conjugation map 
f CO : X(C) — > X(C) and, for any point x G X(C), there are an open neighborhood 
Ur of X and a continuous function Ur over Ur such that 



(N 
> 



in 



S ■ g = Ux + Yji-ad log \fif (a.e.) 

^ ■ i=i 

on Ux, where ft is a local equation of D, on for each z. We denote the vector 

space consisting of arithmetic R-Cartier divisors of C°-type by Divco(X)R. 
Let Rat(X)^ := Rat(X)^ 0^ R and let 

Or : Rat(X)^ ^ Di^coCXV 

X 

' be the natural extension of the homomorphism Rat(X)^ — > Divco(X)]R given by 
' ■ — ■ 

{(p). Let D be an arithmetic R-Cartier divisor of C°-type on X. We define 



h- > 



H°(X, D) and H^(X, D) to be 

\h°{X,D) := [(P G Rat(X)^ \ D + (^)> (0,0)) U {0}, 
[HO(X,D) := [cp G Rat(X)^ I D + ("f^ ^ (O'O)) U {0}. 

For 5 G X, the 'R-asymptotic multiplicity ofDatE, is given by 

- _ (inf Imulti (D + ((/))k) | (/) G J^^(X, D) \ {0}) if i^o (X, D) ^ {0}, 
I oo otherwise, 

where mult^ is the multiplicity of the local ring given by a local equation (for 
details, see lH Section 2.8] or [7, SubSection 6.5]). Moreover, for ^i, . . . , ^/ G X 
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and e R>o, we define the arithmetic linear series ofD with base conditions 

liiE^i, . . . , inki to be 

H°(X,D;^iei, . := {(/) G H%X,D) \ {0} | mult4,(D + ((^)) > (Vz)) U {0}. 

In addition, its volume is given by 

— , log#i^0(X,nD;n^iei,...,n^,6) 

^'^^^ ^"^'^ ^= ^T-TP n^^V(rf + l)! • 

The main result of this paper is the following theorem: 

Theorem 0.1. If ^i, . . . , e Xq, D is big and fi, > ^u,ii{D)for some i, then 

vol(D; fii^i, . . . , iii^i) < vol(D). 

Let us introduce a Zariski decomposition on X. A decomposition D = P + N is 
called a Zariski decomposition of D if the following conditions are satisfied (for 
the positivity of arithmetic R-Cartier divisors of C°-type, see Conventions and 
terminology ID: 

(1) P is a nef arithmetic R-Cartier divisor of C'^-type. 

(2) N is an effective arithmetic R-Cartier divisor of C°-type. 

(3) voi(P) = voi(D). 

It is easy to see that the existence of a Zariski decomposition of D implies the 
pseudo-effectivity of D (cf . SubSection l4.1|l . Let T(D) be the set of all nef arithmetic 
R-Cartier divisors M of C°-type with M < D. Note that T(D) is not empty if and 
only if there is a decomposition D = P+N with the conditions (1) and (2). For a non- 
big pseudo-effective arithmetic R-Cartier divisor D of C°-type, the non-emptyness 

of T(D) is a non-trivial problem. It is closely related to the fundamental question 
raised in the paper [i9j]. Further, in the case where d = 1 and X is regular, once we 

can see T(D) 0, the greatest element of T(D) is ensured by the main theorem of 
the paper [T. Theorem 9.2.1], and it turns out to be the actual positive part of D 
(cf. Remark |4.1.2|) . In this sense, the above definition has a meaning even for a 



non-big pseudo-effective arithmetic R-Cartier divisor. Of course, in this case, the 
uniqueness of the decomposition is not guaranteed. 

We would like to apply the above theorem to the problem of Zariski decompo- 
sitions on arithmetic varieties (cf. Conventions and terminology [1]). The first one 
is an estimation of the asymptotic multiplicity. 

Theorem 0.2. ]Ne assume that D is big. IfD = P + Nisa Zariski decomposition of D, 
then /,tR^^(D) = mult^{N)for all E. 6 Xq. 

In the paper fE\, we considered a decomposition D = P + N such that /,irj(D) = 
multr(N) for any horizontal prime divisor T on X. The above theorem means that 
a Zariski decomposition of a big arithmetic R-Cartier divisor of C°-type yields the 
decomposition treated in [8, Section 5] (cf. Remark [4.1.21) . Thus, as a corollary, we 



have the following variant of the impossibility of Zariski decompositions. The 
condition /,tRj(D) = multr(N) is rather technical, so that this form seems to be 
more acceptable than [8, Theorem 5.6]. 
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Theorem 0.3. We suppose that d > 2 and X = P^(:= Proj(Z[ro, Ti, . . .,Td])). In 

addition, we assume that D is given by 

(Ho,log(flo + fli|ziP + ■ ■ ■ + ad\Zdf)) , 

where Hq := {Tq = 0}, z, := Tj/To {i = l,...,d) and aQ,ai,...,ad 6 R>o. If D is big 
and not nef (i.e. ao + ■ ■ ■ + a^ > 1 and a, < 1 for some i), then, for any birational 
morphism f -.Y ^ of generically smooth, normal and projective arithmetic varieties 
(cf Conventions and terminology^, there is no Zariski decomposition of f*{D) on Y. 

The third application is the unique existence of Zariski decompositions of big 
arithmetic R-Cartier divisors on arithmetic surfaces. The new point is the unique- 
ness of the Zariski decomposition in the sense of this paper, which gives a char- 
acterization of the Zariski decompositions. 

Theorem 0.4. We assume that d = 1 and X is regular. If D is big, then there exists a 
unique Zariski decomposition ofD. Namely, the positive part of the Zariski decomposition 
ofD is the greatest element o/T(D). 

Finally I would like to give my hearty thanks to the referee for pointing out 
inadequate parts of this paper. 

Conventions and terminology. Here we fix several conventions and the termi- 
nology of this paper. Let K be either Q or R. For details of |2]and|3l see [7J. 

1. An arithmetic variety means a quasi-projective and flat integral scheme over 
Z. An arithmetic variety is said to be generically smooth if the generic fiber over Z 
is smooth over Q. 

2. Let X be a generically smooth and normal arithmetic variety. Let Div(X) be 
the group of Cartier divisors on X and let Div(X)]K := Div(X) (g)^ K, whose element 
is called a ¥^-Cartier divisor on X. A pair D = (D, g) is called an arithmetic "K-Cartier 
divisor ofC°°-type (resp. of -type) if the following conditions are satisfied: 

(a) D is a K-Cartier divisor on X, that is, D = Yli=i i^iDi for some Di, . . . ,D,- G 
Div(X) and a^, . . . ,a^ 

(b) g : X(C) — > R U {±00} is a locally integrable function and g o = g (a.e.), 
where f 00 : X(C) — > X(C) is the complex conjugation map. 

(c) For any point x G X(C), there are an open neighborhood Ux of x and a 
C°°-function (resp. continuous function) Ux on Ux such that 

r 

g = Ux + log l/^l^ (^•^•) 

on Ux, where f is a local equation of D, over Ux for each i. 
If Ux can be taken as a continuous plurisubharmonic function over Ux for all 
X G X(C), then the pair D is called an arithmetic K-Cartier divisor of{C^ n FS¥L)-type. 
Let C be either C°° or C°^r^C° n PSH. The set of all arithmetic K-Cartier divisors 
of C-type is denoted by DivdX)^. Moreover, the set 

{(D,g)GDi^c(X)K|DGDiv(X)) 
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is denoted by Divc(X). An element of Divc(X) is called an arithmetic Cartier 
divisor ofC-type. Note that Divc»(X)K and Divco(X)]K are vector spaces over K and 
DivconpsH(X)]K forms a cone in Divco(X)]K. For D = {D,g),E = {E,h) e Divco(X)K, 
we define relations D = E and D > E as follows: 

D = E « D = E, g = h{a.e.), 

D>E « D>E, g>h{a.e.). 

3. Let X be a generically smooth, normal and projective arithmetic variety. Let 
D be an arithmetic R-Cartier divisor of C°-type on X. The effectivity, bigness, 
pseudo-effectivity and nefness of D are defined as follows: 

• D is effective & D > (0, 0). 

• D is big « voi(D) > 0. 

• D is pseudo-effective D + A is big for any big arithmetic R-Cartier 
divisor A of C°-type. 

• D = (D,g)isnef « 



(a) deg(D|^) > for all reduced and irreducible 1-dimensional closed 
subschemes C of X. 

(b) Dis of (CO n PSH)-type. 

The interrelations of the various types of positivity as above can be summarized 
as follows: 

effective 





> pseudo-effective 



1. Generalizations of Boucksom-Chen's results to R-C artier divisors 

In this section, we will give generalizations of Boucksom-Chen's results [IJ to 
arithmetic R-Cartier divisors. All results in this section can be proved in the 
similar way as the paper HJ. 

1.1. Geometric case. First of all, let us review the geometric case. The contents of 
this subsection are generalizations of the works due to Okounkov [|10i , Lazarsfeld- 
Musta^a [5] and Kaveh-Khovanskii fSl, to R-Cartier divisors. 

Let T be a d-dimensional, geometrically irreducible, normal and projective 
variety over a field F. Let f be an algebraic closure of F and let T-^ := T Xspec(F) 
Spec(f ). Let P G r(f ) be a regular point and let Zp = (zi, . . . ,z^f) be a local system 
of parameters of ^Tj,?- Then 

%P =f|[Zi,...,Zrfl, 
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where ^Tj,p is the completion of ^TpP with respect to the maximal ideal of ^Tj,p- 
Thus, for / G ^Tp,P/ we can put 

"""" «d 



>0 



where C(ai^.../ij) s f . Note that "Z/ has the lexicographic order <iex, that is, 

(fll, . . .,fl£i) <iex {bl, ■ ■ 

We define ordzp(/) to be 



def 

(fli, . . . , fld) <iex {bi, ■■■ ,bd) fli = &i, . . . , fl,_i = fl,- < bi for some l 



ord2^(/) := 



f min<,^^ {(fli, . . . , fli) I C(ai,...,a,) ^0} if / 0, 
cx) otherwise. 



Tj,P' 



which gives rise to a rank d valuation, that is, the following properties are satisfied: 

(i) ord.pifg) = ordzp(/) + ordz,(g) for f,ge ffj^j,. 

(ii) ord^p(/ + g)> min{ord,p(/),ord,j,(g)} for f,ge ^Tj,p- 

By the property (i), ordzp : i^t^p \ {0} — > Z'' has the natural extension 

ord.p : Rat(r^)^ ^ 

given by ordzpif/g) = ordzpif) - ord^pig). As ordzpiu) = (0, . . . , 0) for all u e 
ordzp induces Rat(T^)^/^^_p — > Z'^. The composition of homomorphisms 

Div(rp) ^ Rat^(r^)/^^_p Z'* 

is denoted by multzp, where Div(rp) is the group of Cartier divisors on T-p and 
ap : Div(Tp) — > Rat(rp)^/^^_p is the natural homomorphism. Moreover, the 

homomorphism multzp : Div(Tp) — > Z'' yields the natural extension 

Div(Tp) ®z K ^ IR'' 
over R. By abuse of notation, the above extension is also denoted by multzp. 
For D G Div(r)]R := Div(r) let H'^iT, D) be a vector space over f given by 

H°(r,D) := {(P G Rat(r)^ \ {(p) + D>0}(J {0}. 
In the same way as IS Lemma 1.3] or [H (1.1)]], we can see 

dimf V = # {multzp (((/)) + Dp) I (/) G y % f \ {0}) 

for a subspace V of H^{T, D). 

We set R{D) := ^^^^^H^{T,mD), which forms a graded algebra in the natural 
way. Let V, be a graded subalgebra of R{D). We say V, contains an ample series if 
{0} for m » 1 and there is an ample Q-Cartier divisor A with the following 
properties: 

{•A<D. 

\« There is a positive integer Mq such that H^{T, mnioA) c 1/^^^ for all m > 1. 
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We set 

T{V.) = U {(mult,,(((^) + mDj), m) e Ki, xX>o \ (p e V^^fF \ {0}) . 

V,„it{0],m>0 

Let V : R**"^^ — > R'' and h : M!^'^^ — > R be the projections given by 

v{xi,...,Xd,Xci+i) = ixi,...,Xd) and h{xi,...,Xd,Xd+i) = x^+i. 

Let be an effective R-Cartier divisor such that D + G Div(r). We assume that 
V, contains an ample linear series. Then, in the same way as [5, Lemma 2.2], we 
can see the following: 

(1) If we set d = mult,p(0^) and !'{¥,) = {y + h{y){d,0) \ y G T{V,)}, then 
r{V.) c Z^+i and r{V.) generates Z'*+i as a Z-module. 

(2) I I — r(y.)„, is bounded in R'*, where 
V-/ m 



m 

m>0 



T{VX ■■= V (t{V.) n {Ki, X {m})) = v({ye T{V.) \ h{y) = m}) . 

Let A{V,) be the closed convex hull of Um>o In the case where V,„ = 

H°(T,mD) for all m > 0, A{V,) is denoted by A(D). In the same arguments as ^ 
Proposition 2.1] by using the above properties (1) and (2), we can see that 

dimf Vm 



vol(A(K)) = lim 



1.2. Arithmetic case. Let X be a (rf + l)-dimensional, generically smooth, normal 
and projective arithmetic variety (cf. Conventions and terminology Let X — > 
Spec(OK) be the Stein factorization of X — > Spec(Z), so that the generic fiber 
of X — > Spec(OK) is geometrically irreducible. Let D = (D, g) be an arithmetic 
R-Cartier divisor of C°-type (cf. Conventions and terminology |2l). We define 
H0(X,D) to be _ _ _ 

H°(X,D):=r(X,D)U{0}, 

where r^(X,D) := [cp G Rat(X)>^ | D + (f) > (0,0)) (for details, see Section |2]). Let 

V, be a graded subalgebra of ® ,„>o H^i^K, i^Dk) over K. Using X and D, we can 
define the natural filtration of V, given by 

W*-V„, = <y„, n H\X, mD + (0, -lt)))K 

for ^ G R. Note that we use (0, -2t) to ensure consistency with the notation in ^ 
Definition 2.3] . It is easy to see that FLy„, ■ VLV^i, c F!l'' V„,+m'. Thus, if we set 

then V[ := ®„,>o forms a subalgebra of V,. For each m, we define emin(D; Vm) 
and emax(C>; Vm) to be 

[^'^i„(D; y,„) := inf G R I Fi_y, ^ V,„) , 

''max 

(D;y,):=sup{iGR|F!_y, 9^{0}). 
Then, in the similar way as HI]. Section 2], we can see the following: 
(1) -oo < einm{D; Vm) for each m. 
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(2) There is a constant C such that emax(D; V,„) < Cm. 

(3) We set e^axCD; V.) = Hmsup,„^^ emax(C>; V,„)/m. If V, contains an ample 
series, then V[ also contains an ample series for t < emax(D; V,). 

We assume that V, contains an ample series. As in [1 , Definition 1.8], we define 
G^-^.y^^ : A(V.) ^ R U {-00} and A(D; V,) to be 

'5(D,y.) W := sup {i G R I X G AiVi)} , 
A(D; y.) := {(x, i) G A(K) X IR | < i < G^-^.y^^] . 

Note that G(j5.y_) : A{V,) — > RU{-cx)} is an upper semicontinuous concave function 
(cf. O' Subsection 1.3]). In the case where V„j = H^{XK,niDK) for all m > 0, G^.y^-^ 
and A(D; V.) are denoted by Gj^ and A(D) respectively. Moreover, we define 
voi(D; V.) to be 

_ _ # log (Vn, n H°(X, mD)) 
vol(D; V.) := limsup \ ,,,, r; -■ 

Then, in the similar way as [1 , Theorem 2.8], we have the following theorem: 
Theorem 1.2.1. voi(D; V.) = {d + iy.[K : Q] vol(A(D; V.)), that is, 

^\(D;V.) = {d + iy.[K:Q] [ _ G^^.y^^{x)dx, 

J@(D;V.) 

where &{D; V,) is the closure o/|x G A{V,) \ G^j^.y^s^{x) > o}. 

2. Asymptotic multiplicity 

Let X be a{d + l)-dimensional, generically smooth, normal and projective arith- 
metic variety (cf. Conventions and terminology [T]). Let K be either Q or R. Let 
Rat(X)^ := Rat(X)^ (8z K, and let 

( )k : Rat(X)^ ^ Div(Xk and fk : Rat(X)^ ^ Di^c-CXk 
be the natural extensions of the homomorphisms 

Rat(X)^ ^ Div(X) and Rat(X)^ ^ Divc~(X) 

given by I— > {(p) and (p 1— > {(p) respectively. Let D be an arithmetic R-Cartier 
divisor of C°-type (cf. Conventions and terminology |2]). We define r^(X, D) and 
r^(X,D)to be 

rrx(X,D):= 
|r^(XD):= 



GRat(Xf \ D + {(f))> (0,0)), 
^GRat(X)^|D + ('^)j,>(0,0)). 



Note that r^(X,D) = [JZi'^'^iX^nDf". Moreover, H°(X,D) and H°^iX,D) are 
defined by 

H°(X, D) := rX(X, D) U {0} and ^^.(X, D) := r^(X, D) U {0}. 
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For £, eX, we define the K-asymptotic multiplicity ofDatE, to be 

- _ finf {mult£(D + | c\> G r^(X, D)) if r^(X, D) ^ 0, 

loo otrierwise. 

First let us observe the elementary properties of the K-asymptotic multiplicity 
(cf. \7j Proposition 6.5.2 and Proposition 6.5.3]). 

Proposition 2.1. Let D and E be arithmetic 'R-Cartier divisors ofC^-type. Then we have 
the following: 

(1) iUK^(D + E) < ^K,{(p) + fiK,£(E)- 

(2) IfD < E, then fiK,i(E) < f/K,5(D) + mult^CE - D). 

(3) fiK,4(D_+ = ^K,d'D)for (f) e Rat(X)^. 

(4) iiT^^i.{aD)= aii^^i.{D)Jor a e K>o. 

(5) ^i^rAD) < I^qAD). _ 

(6) IfD is nefand big, then jUk^^(D) = 0. 

Proof (1) If r^(X,D + £) = 0, then either r^(X, D) = or r^(X,£) = 0, so that we 
may assume that r^(X, D + £) 0. Thus we may also assume that r^(X, D) 
and r^(X, E) ^ 0. Therefore, the assertion follows because (pip e r^(X D + E) for 

all (/) G f ^(X, D) and i/; G r^(X, £). 

(2) is derived from (1). 

(3) The assertion follows from the following: 

ip G r^(x, D) « G r^(x, D + 

(4) Note that \p G r^(X, D) if and only if xp" G r^(X, aD), and that 

mult£(flD + {xP')k) = amultdD + (i/^k), 

which implies (4). 

(5) is obvious. 

(6) follows from (5) and (Zl Proposition 6.5.3] □ 

Remark 2.2. Theorem 12.51 says that if D is big, then /,tK,5(D) = /jq^^(D). In general, 
it does not hold. Let = Proi(Z[To, Ti]) be the projective line over Z. We set 
D := {To = 0} and z := Ti/Tq. Let flo/^i ^ ]R>o such that + = 1 and Aq ^ Q- Let 
D be an arithmetic divisor of C°°-type on given by 

D := (D,log(flo +fli|zp))- 

Then it is easy to see that 

r^(X,D) = and Tl{X,D) 3 2f' 

(for details, see lU (6) in Theorem 2.3]). Thus ^q^D) = oo for all ^ G F^Q) and 

<flo ife = (0:l), 
^R,i{D)\<ai ife = (l:_0), 

= if5GPi(Q)\{(0:l),(l:0)}. 
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Next we consider the following lemmas, which will be important for the proof 
of Theorem |2.5[ 

Lemma 2.3. We assume that D is big. Let a = infjx G R | vol(D + (0,x)) > 0} and let 

/ : (fl, cxi) — > R be the function given by f{x) = [J-kA^ + (0/^))- Then f is a monotone 
decreasing continuous function. 

Proof. For x,y e (a, oo) with x < y, we have D + (0, x) < D + (0, y), and hence 
fix) > fiy) by (2) in Proposition I2.1[ Here let us see that / is a K-convex function 
on {-oo,a) n K, that is, 

f{tx + {l-t)y)<tf{x) + {l-t)f{y) 

holds for all x,y e (a, oo) n K and t e [0, 1] Pi K. Indeed, by using (1) and (4) in 
Proposition I2.1[ 

f{tx + (1 - t)y) = ^K,5 (t{D + (0, X)) + (1 - t)(D + (0, y))) 

< ^iK,5 (t(D + (0, X))) + ;UK,i ((1 - t)(D + (0, y))) 
= tfix) + (1 - 0/(y). 

The continuity of an R-convex function on an open interval of R is well-known 
(cf. flTl Theorem 5.5.1]), so that we assume K = Q. We check the continuity of 
/ at X G {a, co). By [6, Proposition 1.3.1], there are positive numbers e and L such 
that {x - e,x + e) Q {a, oo) and 

< f{v) - f{u) < L{u - v) 

for all u,v e (x - e, X + e) n Q with u >v. Let y,z e (x - e,x + e) with y > z. Here 
we choose arbitrary rational numbers u, v such that x-e<v<z<y<u<x + e. 
Then 

< /(z) - /(y) < f{v) - f{u) < L{u - V), 
and hence < f{z) - f{y) < L{y - z) holds. Therefore, the lemma follows. □ 

Lemma 2.4. We assume that D is effective. Let (pi,..., (p,- G Rat(X)^ and a\, . . . ,a^ G R 

with ai{(pi) + • • • + a,-{(pr) + D > 0. Then there is a subspace W o/Q'' over Q with the 
following properties: 

(1) dimQ W = dimQ(fli, . . . ,fl,.)Q, where {ai, . . . ,ar)Q is the subspace of ^generated 
by ai,..., ay over Q. 

(2) (fli,...,fl,)G Wr:= W(8)qR. 

(3) For positive numbers e and e' , there is a positive number 6 such that 

cii^) + ■■■ + Cri^) + D + (0,e') > 
for any (ci, . . . , c,-) G Wr with 

||(ci,...,c,)-(fli/(l +e),...,fl,/(l +e))|| < b, 
where \\-\\is the standard L^-norm on W. 

Proof. First we assume that ai,...,ar are linearly independent over Q, that is, 

dimQ<fli, . . .,ar)Q = r. 

Replacing (pi, . . . ,(pr,ai, ■ ■ ■ ,ci-r by (p", . . . ,(p",ai/n, . . . ,ar/n respectively for some 
n G Zi>0/ we may assume that (pi, . . . ,(pr G Rat(X)^. The set of all prime divisors on 
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X is denoted by I. Moreover, for x e X(C), the set {B e 7 | x e B(C)} is denoted by 

Ix- For B e I^, let B{C)x = Bi h 1- B„g^ be the irreducible decomposition of B(C) at 

X on X(C), that is, Bi, . . . , B„g^ are irreducible components of B(C) on X(C) passing 
through X. Note that ordB((/)) = ordB.((/)) for (/) G Rat(X)^ and ; = 1, . . . , ng,.. We set 

D = and D = Leei^BB. By our assumption, (is > for all B G I and g > 0. 

For c = (ci, . . . , Cy) G R"", we define (p'^, Dc, gc and Dc to be 

D,:= ((/)% + D = EUc.#0 + C», 
gc:=E-=i(-c01og[^,p + g, 

Note that 

Bel 

where ordg : Rat(X)^ ^ R is the natural extension of the homomorphism 
Rat(X)^ Z given hyip\-^ ordB(i/^). Around x e X(C), we set 

where /b . is a local equation of Bj around x and pi e ^x(C) Then 

"Bx 



Belx j=l 



Thus, if we set 



around x, then 



"Bx 



^ = 2^2^-rfBl0g|/B,| +M. 

Belx i=l 



"Bx 



Sc = S + YuTu^- ^^Mcp'^)) log I/b/ + 2],(-cO log \pif 

Belx y=l !=1 



(2.4.1) -(^B + ordB((/)'^)) log I/b/ + E(-cO log \pd' + u,. 

Belx i=l i=l 

We put S = ULi Supp(((/);)) and a = (ai, . . . , a^). 

Claim 2.4.2. (i) ((/W(i+'^))r + D > 0. Jn particular, gai(i+e) > 0. 

(ii) ordB((/)''/(^'^'^^) + rfs > 0/or all B e I with B Q S. In particular, we can find 5o > 
such that {(P'^)k + D > 0/or any c g R*" with \\c - a/{l + e)\\ < do- 

Proof, (i) The assertion follows from the following: 

{cf^^X + D = + D) + (l - ^) D. 
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(ii) It is sufficient to show that ordsicp") + (1 + e)dB > for all B G J with B Q S. 
First of all, riote that ordBicp") + ds > 0. If either ordsC^/)") > or rfg > 0, then the 
assertion is obvious, so that we assume ords < and = 0. Then 

ordBicp") = ai ordB(<^i) + ••• + «,• ordsCf/), ) = 0, 

which yields ordB((/)i) = • • • = ords ) = by the linear independency of 

over Q. This is a contradiction because B c S. □ 

Claim 2.4.3. For each x e X(C), there are > and an open neighborhood Ux ofx such 
that gc + e' >0 on U^for any c eW with \\c -«/(!+ e)|| < b^. 

Proof. First we assume x G S(C). For B G J with B c S, we set 
We choose 6' > such that 

1 3 
-rfg < + ordB((/)0 < -rfg 

for all c G IR'' and B G I with \\c - a/{l + e)\\ < 6' and B c S. Note that there are an 
open neighborhood Ux and a constant M such that 



Yj{-Ci)lo§\pi\^ + Ux > M 



i=i 

over Ux for allc G R'' with ||c-fl/(l +e)|| < 6'. Moreover, shrinking Ux if necessarily, 
we may assume that |/b.| < 1 for all Bj with either B c S or ^b > because the set 
{B G 7 i B c S or > 0} is finite and /b.(x) = 0. Thus, by using (IZ4l|l , 

gc>YjTj + ordB((/)^)) log I/b/ + M 

Be/, ;=1 

Bcs BtS,dB>0 



2 

Beh,BQS j=l 

Note that limj/^;c(-dg)log|/B.(i/)p = oo. Thus, the assertion follows if we take a 
smaller neighborhood Ux- 

Next we consider the case where x i S(C). Then, by (i) in Claim l2A2l 

+ e' = g + log |p,f + e' = + e' + + e) - cO log |p,f 

i=l !=1 

>e' + 2],(«//(l + e)-c,)log|p,|'. 

(=1 

Thus the assertion follows. □ 
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As X(C) = U.Tex(c) and X(C) is compact, there are Xi, . . . , X; 6 X(C) such that 
X(C) = Ux^ U ■ ■ - UUx,. Therefore, if we set 61 = {dx^, ...,6x,}, then 

gc + e'>0 

for all c eW with \\c - a /{I + e)\\ < 61, and hence, if we put 6 = min{6o, 61}, then, 
by (ii) in Claim 12X21 

D, + (0,e') >0 
for all ceW with \\c - a/{l + e)\\ < 5. 

Finally we consider the lemma without the linear independency of 
over Q. We set s = dimQ{fli, . . . ,flr)Q- If s = (i.e. Ui = ■ ■ ■ = = 0), then we can 
take W as {(0, . . . , 0)}, so that we may assume s > 1. Renumbering a-[,..., a^, we 
may further assume that Ui,... ,as are linearly independent. We set a, = X!,;=i ^ifli 

{i = 1, ...,r) and ipj = HLi^i' (/ = 1, ...,s). Note that e;y G Q, and hence 
xjjj G Rat(X)^. Let a : — > W be the homomorphism given by 

s 

a{xi,...,Xs) = {ai{xi,...,Xs),...,ar{xi,...,Xs)) and ai{xi, . . . , Xs) = ^ eijXj. 
As the rank of (e/y) is s, a is injective. In addition, (fli, . . . , a,-) = a{ai, . . . , fls) and 

+ • • • + Xs{-^s) = ai{Xi, Xs){(^l) + ■■■ + ar{Xi, Xs){(pr). 

for (xi, ...,Xs) G W. Therefore, if we put W = a(Q^) c Q'', then the assertion 
follows from the previous observation. □ 

The following theorem is the main result of this section. 

Theorem 2.5. IfD is big, then jUq £(D) = /,t]R^5(D). 

Proof. First of all, by (3) in Proposition 12.11 we may assume that D is effective. 
Moreover, by (5) in Proposition 12.11 /,ir£(D) < /jq^^(D), so that we consider the 
converse inequality. For this purpose, it is sufficient to show that 

I^qAD) < mult,c(D + 

for all 1/^ G r^(X,D). We choose (pi,...,(pr G Rat(X)^ and fl = («!,...,«,) G W 
such that ai,...,ar are linearly independent over Q and \p = cp"^ ■ ■ - (pf - Let e be a 
positive number. Applying Lemma IZ4l to the case e = e', we can find a sequence 

{Cn}^^ in Q'' such that lim„^ooC„ = a /{I + e) and cp'" G r^(X,D + (0,e)) for all n. 
Thus we have 

fiQ,,c(D + (0,e)) <mult5(D,„) 
for all n, and hence, fiQ,^(D + (0,e)) < mult5(Da/(i+e)). Therefore, by Lemma |23l 
HQ,i{D) = limfiQ,5(D + (0,e)) < limmult4-(Dfl/(i+e)) = mult£(D + (i/^)r). 

ej,0 ej,0 

□ 
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3. Proof of Theorem 10.11 
In this section, we give the proof of Theorem lO.il Since 

vol(D; /.ii^i, . . . , /.i;^/) < vol(D; /.i;^,)/ 
it is sufficient to show the following: 

(3.1) If D is big and ^ > ^uA^) for E, G Xq, then vol(D; /j^) < vol(D). 

Let B be the Zariski closure of {^} in X. Let us begin with the following claim: 
Claim 3.2. We may assume that B is a prime divisor. 

Proof. Let vg : Xg — > X be the blowing-up along B. As Xq is regular, we can find 
a unique prime divisor Eg on Xg such that vg(Eg) = B. Let v' : X' — > Xg be a 
projective birational morphism such that X' is normal and v yields a resolution 
of singularities on the generic fiber. Let B' be the strict transform of Eg and let 
V : X' ^ X be the composition of v' : X' — > Xg and Vg : Xg ^ X. If is 
the generic point of B', then it is easy to see that ord^{f) = ord£'(v*(/)) for all 
/ G Rat(X)^, and hence mult^c(L) = mult£'(v*(E)) for all L G Div(X)R. Moreover, 
the natural homomorphism v* : Rat(X) — > Rat(X') yields a bijection H^{X,nD) — > 
H°(X', v*{nD)). Therefore, we have 

#]^°(X,nD;n^te) = #H°(X',nv*(D);n^e')/ 

which implies vol(D; /i^) = vol(v*(D); fi^')/ required. □ 

From now on, we assume that B is a prime divisor. Let /^o = ftR,4(D) and let 
X — > Spec(Oj,c) be the Stein factorization of X ^ Spec(Z). 

Claim 3.3. There is a positive number Cq such that D - (/jq + e)B is big on Xk for all 
< e < eo. 

Proof. Let A be a big arithmetic Cartier divisor of C°-type on X such that A > (0, 0) 
and B ^ Supp(A). We can choose a sufficiently small positive number a such that 

vol(D - aA) > 0. In particular, there is (p e Rat(X)^ such that D -aA + {(p)^ > 0. 
By (2) in Proposition 12. 1[ 

1^0 = I^rA^) ^ I^trA^ - + mult^c(flA) = /.tR,£(D - aA) < mult£(D -aA + ((/))q). 

Thus D - aA + ((/))q > /.iqB, and hence D - /.iqB > aA - ((/))q. In particular, D - /.iqB 
is big on X^, and hence the assertion follows. □ 

It is sufficient to show (|3.1|) in the case where = /Jq + e with < e < Cq. We set 

V„ = H%XK,mDK - m^BK). Note that voi(D; V.) = voi(D; ^Q. By Claim |33l V. 
contains an ample series. 

We choose P G X{K) and a local system of parameters Zp = (zi, ...,Zd) atP such 
that P is a regular point of Bk and Zi is a local equation of B at P. 

Claim 3.4. If we set multzp(L) = (xi, . . .,Xd)for L G Div(X)R, then X\ = mult4(L). 
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Proof. First we assume that L G Div(X) and L is effective. Let / be a local equation 

of L around P. We set / - Y.Za fiZ\ in K^Zi, z^l, where a G Z>o, G Kllzj, ■■■,Zd\ 
and /a ^ 0. Then a = mult4(/). Moreover, the lowest term with respect to the 
lexicographical order must appear in /„z5J . Thus Xi = a, as required. 

In general, we set L = XLi ^tU, where fli, . . . , fl; G R and L/s are effective divisors. 
Moreover, if we set multzpiU) = {xn, ■ ■■, Xid), then Xa = mult{(L,) by the previous 
observation. On the other hand, as 

/ 

multzj,(L) = y^fl;multzp(L;), 

! = 1 

the first entry of multzp(L) is equal to 

^fl,x,i = ^fl;mult4(L;) = mult4(L), 

as desired. □ 

By Claim 1231 A{V,) c A{Dk) n {xi > [i] and > G^^.y^y As in Theorem [LZl 
let 0(D) and @(D; V.) be the closures of 

[x G A(Dk) I Gj^ix) > O) and [x G A(K) I G(|5.^,)(x) > o) 
respectively Clearly 0(D; V.) c ©(D) n {xi > ^}. 
Claim 3.5. &(D) n {xi < ft} ^ 0. 

Proof. As D is big, /^o = /iQ,{(D) by Theorem 12. 5[ and hence, by Lemma |23l there 
is a positive number to such that 

fio < fiQ,£(D + (0, -2to)) < fio + e/2. 

Thus we can find (/) G f^(X, D + (0, -2^o)) such that 

^Q,4(D + (0, -2io)) < mult,c(D + ((/))q) < + e/2 < ^. 

Moreover, as(p e r^(X, D + (0, -2fo)), if we set x = mult2p(D + ((/))q), then G^(x) > 0, 
and hence x G @{D). □ 

Here we fix notation. Let T be a topological space and S a subset of T. The set 
of all interior points of S is denoted by S°. 

Claim 3.6. Let C be a closed convex set in M!^. For a G ^,wesetC{a) = {x G C | p(x) < a}, 
where p : IR"^ — > IR zs the projection to the first factor, that is, p(xi, ...,Xd) = Xi.lfC°i^^ 
and C{a) (Hfor some a G R, then C{a)° 0. 

Proof. Let us choose x G C{a). We assume that C{a)° = 0. Then, as C{a) is a convex 
set, by lUr, Corollary 2.3.2], there is a hyperplane H such that C(fl) c H. Moreover, 
as C° 0, there is y G C \ H. Note that p{y) > a, so that 

0<(fl-p(x))/(p(y)-p(x))<L 

Here we choose t G R with <t <{a- p{x))/{p{y) - p(x)). Then {l-t)x + ty e C\H 
and p((l - f)x + fy) < a. This is a contradiction. □ 
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As vol(D) > 0, @{D)° ^ by Theorem [LZTl Therefore, by Claim and 
Claimim e(D)° n {xi < f/} ^ 0, and hence (0(D) \ e(D; V.))" ^ because 

(e(D) n {xi < c (0(D) \ 0(D; y.))°- 

Moreover, note that 

0(D)° = {x G A(D) I G^{x) > 0)° c {x G A(D) | G^(x) > o) 
(cf. CH Corollary 2.3.9]). Further, 

vol(A(D)) = I _G^{x)dx and vol(A(D;K))= I _ G,-^.y Ax)dx. 

Je(D) j0(D;y.) 

Therefore, 

vol(A(D))= r_ _ G^(x)rfx+ r_ G^(x)dx > vol(A(D; K)). 

JeiD)\e(D;V.) J0(D;V.) 

Thus (|3.1|) follows from Theorem ll.2.11 



4. Applications of Theorem 10.11 
In this section, let us study several applications of Theorem lO.il 

4.1. Impossibility of Zariski decomposition. Let X be a (d + l)-dimensional, 
generically smooth, normal and projective arithmetic variety (cf. Conventions 
and terminology [T]). A Zariski decomposition of D is a decomposition D = P + N 
such that 

(1) P is a nef arithmetic R-Cartier divisor of C'^-type, 

(2) N is an effective arithmetic R-Cartier divisor of C°-type, and that 

(3) \^1(P) = \^1(D). 

The arithmetic R-Cartier divisor P (resp. N) is called a positive part (resp. a negative 
part) of D. As a nef arithmetic R-Cartier divisor of C°-type is pseudo-effective (cf . 
(Zl Proposition 6.2.1, Proposition 6.2.2 and Proposition 6.3.2]), if D has a Zariski 
decomposition, then D is pseudo-effective. Let T(D) be the set of all nef arithmetic 
R-Cartier divisors M of C°-type with M < D. Note that r^(X,D) ^ implies 
T(D) ^ 0. In the paper f7\, we proved that if = 1, X is regular and Y(D) ^ 0, 
then a Zariski decomposition of D exists. Moreover, by [9, Theorem 3.5.3], if D is 
pseudo-effective and D is numerically trivial on Xq, then a Zariski decomposition 
of D exists in the above sense. 

Theorem 4.1.1. Let D be a big arithmetic 'K-Cartier divisor of C^-type on X. If there is 
a Zariski decomposition D = P + N ofD, then /,zk,5(D) = mu\t^{N)for all E, G Xq. 

Proof. Since D > P and /.ir,{(P) = (cf. Proposition 12. 1|) . we have 

liuAD) < ^KiiP) + mult,c(N) = mult4(N). 
Here we assume that jj.K^^{D) < mvh^{N). If we set [j. = mult{(N), then 

voi(D; fi5) < voi(D) 
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by Theorem lO.il On the other harid, if(p e T^{X, nP), then 

mult^CnD + {(p)) = mult^c(nP + {(p) + nN) > mult^{nN) = ny.. 

Therefore, 

H%X,nP) c H%X,nD;nn^). 

Thus vol(P) < vol(D; [lE,) < vol(D). This is a contradiction. □ 

Remark 4.1.2. In the papers [8J and [7J, we gave the different kinds of definitions 
of Zariski decompositions. Let us recall their definitions. Let D be an arithmetic 
R-Cartier divisor of C°-type. 

(a) A decomposition D = P + N is called a Zariski decomposition in the sense of 

m if r^(X, D) 9^ 0, P is a nef arithmetic R-Cartier divisor of C°-type, N is an 

effective arithmetic R-Cartier divisor of C°-type, and /jrj(D) = multr(N) 
for any horizontal prime divisor T on X. 

(b) In the case where = 1 and X is regular, we say a decomposition D =P+N is 

a Zariski decomposition in the sense of [7] if T(D) and P yields the greatest 

element of T(D). In this case, vol(D) = vol(P) by [Zi, Theorem 9.3.4], so that 
it is a Zariski decomposition in the sense of this paper. 

The interrelations of these definitions can be described as follows: 

(i) If D is big, then a Zariski decomposition in the sense of this paper is a 
Zariski decomposition in the sense of ||8l (cf. Theorem 14.1. 

(ii) We assume that d = 1 and X is regular. A Zariski decomposition in the 
sense of this paper gives rise to a Zariski decomposition in the sense of 
BZl without the bigness of D, that is, a Zariski decomposition in the sense 
of this paper implies T(D) ^ 0, so that, by [7, Theorem 9.2.1], we can find 
the greatest element of T(D), which turns out to be the positive part of 
the Zariski decomposition in the sense [7]. Moreover, if D is big, then a 
Zariski decomposition in the sense of this paper coincides with a Zariski 
decomposition in the sense of (cf. Theorem l4.2.1|l . 

By the above remark, we have the following corollary. 

Corollary 4.1.3. We suppose that d > 2 and X = P^(= Proj(Z[To, Ti, . . . , 7^])). We 
set Hi := {Ti = 0} and Zi := Ti/To for i = 0,. . .,d. For a sequence a = (ao, fli, . . . , a^) of 
positive numbers, we define an Ho-Green function ga ofiC" n PSHj-fype on P'^(C) to he 

ga := log(flo + flilziP + ■ ■ ■ + a^lzdf). 

We assume that D is given by {Ho,ga). IfD is big and not nef (i.e., + \- aa > 1 and 

ai < 1/or some i), then, for any birational morphism f : Y ^ of generically smooth, 

normal and projective arithmetic varieties, there is no Zariski decomposition of f*{D) on 
Y. 

Remark 4.1.4. For a non-big pseudo-effective arithmetic R-Cartier divisor, to find 
a Zariski decomposition in the sense of this paper is a non-trivial problem. This 
is closely related to the fundamental question raised in the paper [9]. Here let 
us consider an example. We use the same notation as in [9J. We assume that Da 
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is pseudo-effective and not big. Then, by [9, Corollary 3.6.4, Proposition 3.6.7, 
Example 3.6.8], we can find (p e Rat(P^)^ such that Da + > 0. Thus, if we set 
P = {(p~^)^ and N = Da + {(p)^, then the decomposition Da = P + N yields a Zariski 
decomposition. Note that P is not necessarily an arithmetic Q-Cartier divisor of 
C°-type. For example, in the case where d = 1, Uq + a-[ = 1 and Ui ^ Q, (p is given 

by z!|^ and P = -fli(zi). Moreover, -fli(zi) is the greatest element of T(Da) (cf. IBl 
Section 4]). 

4.2. Characterization of Zariski decompositions on arithmetic surfaces. Let X 

be a regular projective arithmetic surface and let tz : X — » Spec(OK) be the Stein 
factorization of X — > Spec(Z]). In this subsection, we study the following charac- 
terizations of the Zariski decomposition of big arithmetic R-Cartier divisors on 



Theorem 4.2.1. Let D be a big arithmetic K-Cartier divisor of C^-type on X and let 
D = P + N bea Zariski decomposition ofD, where P is a positive part ofD. Then P gives 
the greatest element of 

T(D) = |m \ Mis a nef arithmetic 'R-Cartier divisor of -type on X with M < d| . 
Proof. Let us begin with the following claim: 

Claim 4.2.1.1. Let P and Q be nef arithmetic K-Cartier divisors of -type. We assume 
the following: 

(1) There are an effective vertical "R-Cartier divisor E and an Foo-invariant non- 
negative continuous function u on X(C) such that Q = P + {E, u). 



(for details, see HI SubSection 1.2]). Moreover, by [7, Proposition 6.4.2], vol(P) = 
deg(P ) and vol(Q) = deg(Q ), and hence deg(P ) = deg(Q ). As 



X. 



(2)_vol(P) = vol(Q) > 0. 
Then P = Q. 

Proof. First of all, note that the degree of P on Xq is positive and 

u e <QPSH(X(C)) n C°(X(C)))r 



'deg(Q ) = deg(P ) + deg(Q • (£, u)) + deg(P ■ (£, u)), 
^deg(Q-(E,i/))>0, 
deg(P-(E,M))>0, 



we have 
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Therefore, by using Zariski's lemma and BH Proposition 1.2.4, (3)], 

I Ci(P)w= I udd'{[u]) = and deg(P ■ (E,0)) = deg((E,0)^) = 0. 

Jx(C) Jx(C) 

By the equality condition of HI Proposition 1.2.4, (3)], u is locally constant, and 
hence 



degQ(PQ) 



= I uciiP) = (wlxi + • • • + u\x,,J- 

Jx(C) 



where Xi, . . . , X[j<:.Q] are connected components of X(C). Thus u = on X(C). 
Moreover, by the equality condition of Zariski's lemma, there are Pi, . . . , p^^ G 
Spec(OK) \ {0} and ai,...,ak^ ]R>o such that E = fli7i"^(pi) H h akn~^{pk)- Thus 

= d5(P ■ (E,0)) = (fli log#(OK/Pi) + ■ ■ ■ + a,log{OK/Pk))^^^^, 

and hence ai = ■ ■ ■ = Uk = 0, that is, E = 0, as desired. □ 

Let us go back to the proof of Theorem 14.2. 1[ As D is big, T(D) 0, and 

hence we can find the greatest element Pzar of T(D) by Theorem 9.2.1]. Then 

P < Pzar and vol(P) = vol(Pzflr) = vol(D). Thus, if we set Nzar - D - Pzarr then, by 
Theorem 14.1. 1[ 

/Ur,4(D) = mult^c(N) = mult^(Nz„r) 
for all ^ G Xq. Therefore, there are an effective vertical R-Cartier divisor E and 
an Foo-invariant non-negative continuous function u on X(C) such that Pzar = 
P + (E, u). Note that P is big. Thus, P = Pz«,- by Claim [42331 □ 

As a corollary of Theorem 14.2.11 we have the following stronger version of 
Claim 112331 

Corollary 4.2.2. Let P and Q he nef arithmetic W.-Cartier divisors of C° -type. IfP<Q 
and < voi(P) = voi(Q), then P = Q. 



Proof. If we set N = Q — P, then Q = P + N is a Zariski decomposition of Q. 
Therefore, by Theorem l4.2.1[ P = Q. □ 

Theorem 10.11 still holds for the regular projective arithmetic surface X without 
the assumption ^i, . . . , ^; G Xq. Namely we have the following theorem: 

Theorem 4.2.3. Let D be a big arithmetic W.-Cartier divisor of C^-type on X and let 
. . . , ^; G X. If in > ftR,4 (D) for some i, then vol(D; ^ti^i, . . . , ^/^;) < vol(D). 

Proof. As in the proof of Theorem 10. 1[ it is sufficient to see the following: 

(4.2.3.1) If D is big and y. > iiR,dD) for ^ G X, then voi(D; [i^] < voi(D). 

By Theorem lO.il we may assume that the characteristic of the residue field at ^ is 
positive. Let B be the Zariski closure of {^} in X. In the same way as Claim |3^ we 

may also assume that B is a prime divisor. Note that vol(D; = vol(D - /,i(B, 0)). 

If D - /i(B, 0) is not big, then the assertion is obvious, so that we may further assume 

that D - ii{B, 0) is big. We suppose voi(D - ^(B, 0)) = voi(D). Let D = P + N and 
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D-jU(B,0) = P +N be the Zariski decompositions ofD and D-/j(B,0) respectively. 
As P < D - jU(B, 0) < D, we have P < P. Moreover, 

voi(P ) = voi(D - fi(B,0)) = voi(D) = voi(P). 

Thus, by Corollary 14.2.21 we obtain P = P, which implies 

N + li{B,0) = N. 

In particular, multB(N) > /.t. On the other hand, by (Zl Claim 9.3.5.1], /jr,{(D) = 
multB(N), and hence [j.]r^^{D) > y.. This is a contradiction. □ 
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